We present new facets for the linear ordering polytope. These new facets generalize facets induced by subgraphs called fences, introduced by Grijtschel et al. (1985) and augmented fences, introduced by McLennan (1990) .
The linear ordering polytype
The problem of determining if there is a linear ordering with value less than an input constant is NP-complete.
Let G = (N, A) be a strict directed graph (i.e. having no loops or multiple arcs) with n_ode s$ N and arc set A c N x N. For fl c N and A c A n (fl x fl), the graph G = (N, A") is a subgraph of G. The graph G is acyclic if it contains no directed cycles. A directed graph (N, T) is a tournament on N if for every pair of distinct nodes u, u E N, exactly one of (u, v) and (u, u) is in T. Given a linear ordering of the nodes N of a directed graph, the arc set {(u, u): nn-l(u) < X-l(u)} forms an acyclic tournament on N; conversely, an acyclic tournament (N, T) induces a unique linear ordering of N. Following [7] , we let (ii, i2 ,...,i,)denotethearcset{(ij,i,):ldj<kdn}ofthe acyclic tournament induced by the linear ordering rc where rc( j ) = ij for j = 1,2, . . . , n. For other graph-theoretic terminology, see [l] . Let G, = (N, A,) be the complete strict directed graph on the n-element node set { 1,2, . . . , n}. Let & E; 2A" be the collection of the arc sets of acyclic tournaments on N. The linear ordering polytope YE0 is the convex hull of the incidence vectors of elements of Yn.
The linear ordering polytope is important in the understanding of binary choice probabilities in mathematical psychology and voting proportions in the theory of social choice (see [3] ). The linear ordering problem is also of interest in economics, specifically, in the triangulation of input-output matrices (see [14] ). Other areas of application include scheduling (see [ll] ) and anthropology (see [S] ). Investigations into the characterization of 8" Lo by linear inequalities dates from 1953 (see [8] ) and has attracted considerable attention in mathematical psychology in the past decade (see C31).
The dimension of a polytope 9 c R A, denoted dim(S), is one less than the maximum number of affinely independent points in 9'. Grdtschel et al. [7] established that dim(g'",o) = $n(n -1) and showed that
is a maximal irredundant equation system for gto. For a~ RA, a # 0, a0 E R, the inequality aTx 6 a0 is valid for 9 if 9 E {XE [WA: aTx < uo}. A valid inequality uTx d a, represents a facet of B if dim(Y n {xE IFP: uTx = ao}) = dim(S) -1. Grotschel et al. [7] also showed that the nonnegativity inequalities and the upperbound inequalities O< x(&j)< 1, V(i,j)EA,, represent facets of 9 lo.
We are interested in studying the structure of Y Lo, and this paper presents two collections of facet-representing inequalities of PLO. The first collection of these inequalities, which we call t-reinforced k-fence inequalities, are induced by subgraphs of G, known as k-fences. That these inequalities represent facets generalizes a result of Grotschel et al. [7] . Indeed, we will demonstrate that the t-reinforced k-fence inequalities, together with the well-known triangle inequalities and the trivial inequalities and equations, imply the full set of diagonal inequalities introduced by Gilboa [4] , thus resolving a question of Fishburn [3] . The second collection of facet-representing inequalities, which we call augmented t-reinforced k-fence inequalities, are induced by subgraphs called augmented k-fences. That these inequalities represent facets generalizes a result of McLennan [15] . In many other combinatorial problems defined on graphs, facets of the associated polytope are often induced by subgraphs. A rank inequality is an inequality of the form c eeS x(e) < r(S), where r(S) is the minimum number for which the inequality is valid. One novelty of the facets introduced in this paper is that each subgraph induces not one but a family of facets, which are not generally rank inequalities.
We provide the smallest known example of a facet-representing inequality for the linear ordering polytope that is not a rank inequality.
We transport some of our results to the acyclic subgraph polytope. In doing so, we establish the first facets of the acyclic subgraph polytope that are not represented by rank inequalities.
New facets for the linear ordering polytope
For every integer k 2 3, a directed graph is a simple k-fence if it is isomorphic to D = (U u W, F, u F,), where U=(ul,uZ ,..., uk} and W=(wI,w2 ,..., wk} withUnW=& Fi = {(n,, WI), (uz, w,), . . . >&r w,)},
Note that the arc sets F, and F, are completely determined by the bijection r : W+ U defined by z(wi) = ui for 1 < i d k. If D' = (V', F; u F ;) is a k-fence that is a subgraph of G, then for a nonnegative integer t, we call the inequality a r-reinforced k-fence inequality. If the k-fence is simple, then the right-hand side of (6) is k(k -1) + it(t + 1). The k-fence inequalities introduced by Grotschel et al. [6] are l-reinforced k-fence inequalities.
A O-reinforced k-fence inequality is simply the sum (over the pickets) of the upper-bound inequalities
is an augmented k-fence that is a subgraph of G, then for t 2 0, with t integer-valued, we call the inequality
an augmented t-reinforced k-fence inequality. If the augmented k-fence is simple, then the right-hand side of (7) is 2k2 -(t + 2) k + ft(t + 1). The inequalities introduced by McLennan [lS] are augmented l-reinforced k-fence inequalities for simple k-fences. In this section, we will show that inequalities (6) and (7) induced by simple k-fences and augmented simple k-fences represent facets of SLo for 1 d t d k -2. Griitschel et al. [7] noted that l-reinforced k-fence inequalities induced by non-simple k-fences do not represent facets of PLO. In Section 3, we demonstrate that inequalities (6) and (7) represent facets of the acyclic subgraph polytope regardless of whether the k-fences and augmented k-fences are simple, generalizing a result of Grbtschel et al. [6] . Note that each simple k-fence induces k -2 facets. The special case of Proposition 2.1 with t = 1 is established in [7] . The case with t = 2 is related to a result of Leung [12] .
I. Simple k-fences
The proof of Proposition 2.1 appeals to the following result. 
By permuting the nodes of U and W, we can conclude that
for some constants /Ii for 1 < i < k. 
P(t(k -t) + :t(t -1)) = P([k(k -1) + ft(t + l)] -[(k -t)2 + k(t -1) + t-J).
WV right-hand side of (6) >o Since, bTx < b,, is valid for YE:, we must have /I 2 0. 0 Following Fishburn [3] , the valid inequality aTx < a,,, of PLO is in canonical form if (1) aijaji = 0 for all i #j, iEN,jEN, (2) a,, > 0, a, > 0 for some SEA,, and (3) the u,(e~A,) are nonnegative relatively prime integers. The order of a canonical valid inequality uTx < a0 of 9% is 1 {i E N : uij > 0 or aji > 0 for some j E N} I. The index of the inequality is rnaxeEA,, a,. All other known canonical facet-representing inequalities of 9Lo with index greater than 1, have greater order than the 2-reinforced 4-fence inequality.
Augmented simple k-fences
Next, we show that inequality (7) represents a facet of 9'Lo when 0; is augmented simple k-fence.
Following [lS], we call a valid inequality uTx < a, for Yto cyclic if uTx can written in the form It can be checked that uTx < a0 is a cyclic inequality. Hence, by Proposition 2.3, it is facet representing.
McLennan
[lS] used Proposition 2.3 to show that the augmented (l-reinforced) k-fence inequality (7) induced by an augmented simple k-fence represents a facet of Co. Since, by Proposition 2.1, the t-reinforced k-fence inequalities induced by simple k-fences represent facets of YLo, applying Proposition 2.3, we obtain the following result. -fence that is a subgraph of G, = (N, A,) , then the augmented t-reinforced k-fence inequality (7) represents a facet of .Y)nLo.
Unfortunately,
as noted by McLennan [15] for the case t = 1, applying the same construction, starting with the facet-representing augmented t-reinforced k-fence inequality, we obtain exactly the same inequality; thus, Proposition 2.
3 cannot be applied repeatedly to generate new facets.
Diagonal inequalities
Fishburn [3] noted that when D' is a simple k-fence, the t-reinforced k-fence inequality for 1 < t < k -1 is a special case of Gilboa's [4] where UE N, WC N, IU( = 1 WI = k, 1 < t < k-l, and r is a bijection from w to u.
The t-reinforced k-fence inequality corresponds to the diagonal inequality with U n W = 0. The diagonal inequality with U = {u, w }, W = {w, v} and t = 1 is
the triangle inequality known to mathematical psychologists. Gilboa [4] showed that the diagonal inequalities with 1 < t Q k -1 are valid for PLO, but did not address the question of when they define facets. Proposition 2.1 provides a sufficient condition, namely, when U n W = 8 and 1 < t < k -2. That the triangle inequalities (10) represent facets of 9% is shown in [7] . Fishburn [3] raised the question of whether other diagonal inequalities induce facets. We will demonstrate that, among the diagonal inequalities, the t-reinforced k-fence inequalities and the triangle inequalities are the only inequalities that represent facets of Y';o. Indeed we show more: that every diagonal inequality is implied by the t-reinforced k-fence inequalities, the triangle inequalities, and the trivial equations and inequalities. (lo) , or a t-reinforced k-fence inequality (6). Moreover, every point in R"; satisfying Eqs. (l) , inequalities (2), the triangle inequalities, and the t-reinforced k-fence inequalities, also satisfies the diagonal inequalities.
Proposition 2.5. The diagonal inequality (9) represents a facet of S",9 if and only if it is a triangle inequality
Proof. Let C be the arc set of a directed cycle of G, = (N, A,) . Grijtschel et al. [7] noted that the &cycle inequality ci,;~cx(i.A d ICI -1
is valid for PLO. In fact, (11) can be written as a sum of Eqs.
(1) and triangle inequalities.
We proceed to prove Proposition 2.5 by showing that when 1 U n WI 3 1, the diagonal inequality (9) can be written as a sum of Eqs. (1) and positive multiples of inequalities (2), (6) (10) and (11). Let U= {ul,uz,..., uk} and W= {wl, w2, . . . , wk} with the bijection r mapping
Wi t0
Ui (1 < i < k). Let U n W # 8. Let Q be the subset of U n W that is left fixed by r, that is, r(u) = v, Vu E Q. Let R be the maximal subset of (U n W)\Q with the property that r is a permutation on R.
where each R, is a minimal cycle of the permutation. It can be checked that the left-hand side of the sum of these inequalities and equations is precisely the left-hand side of (9), and the right-hand side is
Let S = (U n W)\(Q u R) = U2E1 S,, where each S, c (U n W) i a simple chain induced by r that is maximal on
which does not exceed the right-hand side of (9) 
the dicycle inequalities 443 di+d + ... + x(u;q,t,t 7 qq,qr+ 1) + x(gj,r,t+ 1 2 W(P)) + X(4P), 4) 
(35) (7) the equation
(8) and the upper-bound inequality
Let sp=mpt+rpwheremp,rp~Z+ andO<r,<t-1. Ifm,#Oandr,>2, the sum of the right-hand sides of (30)- (37) is
If mp # 0 and rp = 1, the sum of the right-hand sides of (30)-(37) is m,t(t + 3) + 1 = (sp -l)(t + 3) + 1.
Similarly, if s,, > t and rp = 0, the sum of the right-hand sides of (30)-(37) is also (sP -l)(t + 3) + 1. For s,, d t, an extra term of (t -sp + 1) must be added to this sum.
Because of the nonnegativity inequalities, the value of the left-hand side of the sum of (23)-(37) is at least that of the left-hand side of (9). Furthermore, with S' = {p: 1 < p < d, sp d t}, the sum of the right-hand sides of (23)- (37) right-hand side of (9) where r= N, A) . This problem arises in the study of systems with feedback (see, for example, [16] ); if G" = (fi, A") is an acyclic subgraph of G, then B = A\A" is a feedback arc set, and, in applications, it is desirable to find one of small size. GrGtschel et al. [6] discuss the relationship of &V(G) to several other important problems.
;(m-t)(m-++(lQ,+d,+d,+'I-l)t [
Let Pa,-(G) E [WA be the convex hull of the feasible solutions of &W(G). It is easy to see that PAc(G) is fill-dimensional, that is, dim(PAc(G)) = IAl. Grdtschel et al. [6] investigated the acyclic subgraph polytope and introduced several families of facets, all of which are represented by rank inequalities.
In this section, we will prove the following propositions. that is a subgraph of G = (N, A) . Then the augmented t-reinforced k-fence inequality (7) represents a facet of P*,(G).
Again, note that each k-fence and each augmented k-fence induces k -2 facets. The special case of Proposition 3.1 with t = 1 is established in [6] . The special case of Proposition 3.1 with t = 2 is related to a result of Leung [12] . To prove Propositions 3.1 and 3.2, we first apply a result of Boyd and Pulleyblank [2] to show that both (6) and (7) represent facets of gAC(G) when G = G, = (N, A,,) is a complete strict directed graph, D' is a simple k-fence and 0; is an augmented simple k-fence. We then use a 'projection' argument to prove the case for arbitrary G and then extend the result to (non-simple) k-fences and augmented k-fences. Given a polyhedron Q 5 [WA that lies in the nonnegative orthant of [WA, the submissive, Q", of Q is defined by &={.x~R~:O~xXx'forsomex'~Q}.
Let aTx < a0 be a facet of Q and let AQx = bQ be a maximal irredundant equation system for Q. The support of the valid inequality aTx d a0 is defined to be the set S, = {eE A: a, # O}.
Boyd and Pulleyblank
[2] called aTx < a0 support reduced if a subset of A\S, indexes a column basis of AQ. They proved the following result. It is easy to see that 9Ac(Gn) is the submissive of PLO. Moreover, since (1) is a maximally irredundant equation system for 9 Lo, any valid inequality aTx d a0 with aijaji = 0 for all (i, j) E A,, is support reduced. Hence (6) and (7) are support reduced. Therefore, applying Proposition 3.3 shows that inequalities (6) and (7) induced by simple k-fences and augmented simple k-fences represent facets of YAc(G,) for complete strict directed graphs G,. The next proposition extends this result to the case when G is not complete. where X, (respectively, X2 and X,) consists of the columns of X indexed by S, (respectively, A\S, and A,\A). Now since the xi's are affinely independent, rank(X) = m. Hence, .J? contains m linearly independent columns and its columns span R". On the other hand, since all the xi satisfy aTxi = a,,, the columns of the matrix [XI ) l] must be linearly dependent. Hence, [XI I X2 1 X,] must be nonsingular, else there is a spanning set of R" with fewer than m linearly independent points, which is impossible. This means that rank([X, I X2 I 11) = I Al. Now, each row of [XI I X2] is a feasible point in 9,&G) and satisfies uTx = uO, therefore, uTx < a0 represents a facet of 9,&G). 0
We remark that an alternative proof of Propositions 2.1 and 3.1, using a combination of spectral (see [9, lo] ) and direct methods can be found in [13] .
Finally, that each inequality (6) induced by a (nonsimple) k-fence D' = (V', F; u F ;) and each inequality 
Conclusion
This paper presents two 2-parameter families of facets for the linear ordering polytope and the acyclic subgraph polytope. We showed that the t-reinforced k-fence inequalities, introduced in this paper, and the triangle inequalities are the only facets among a large class of valid inequalities (Gilboa's diagonal inequalities) for the linear ordering polytope. We also provide the smallest known example of a facet-representing inequality for the linear ordering polytope that is not a rank inequality. The inequalities introduced here are also the first facet-representing inequalities discovered for the acyclic subgraph polytope that are not rank inequalities.
There are many examples of facet-representing rank inequalities CeEsx(e) < r(S) in the literature. The results in this paper suggest that such inequalities may admit facetrepresenting generalizations when the structure S is not completely symmetric (here, we exploited the asymmetry between the pales and the pickets). We hope this paper is a step toward a more systematic investigation of such facets.
